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Outline
The goal of this document is to introduce and justify from a theoretical point of view,
the different statistical tools used at Kameleoon.
We start by presenting how Kameleoon assigns visitors to different variation within
an experiment which is the basis for what follow.
The second part is about Frequentist tests, which are run by default on our result
page. We first tackle the simple A/B test with only the original and one variation,
we explain the modelization, the hypothesis and how do we compute the reliability.
Then we extend those computations to A/B/C/n tests and explain how we compute
our confidence intervals. To close this first part we present a few studies we conducted
regarding the impact of running visit-based tests and explain how we could run a test
on the ”all conversions” variable. Finally we give the formulas to compute the minimal
test duration for a given power.
In a third part we present our Bayesian A/B testing approach, how does it differs
from the frequentist one and how we compute the test statistics in this case.
Finally in a fourth and last part we outline the multi-armed bandit framework,
how it applies to A/B testing and give details regarding our own multi-armed bandit
implementation.

Copyright © 2021 All rights reserved. Duplication for purposes of any kind is strictly forbidden.

2 / 15

1

Kameleoon’s assignation algorithm

To assign a visitor to an experiment variation, Kameleoon first build an identifier made
of the user visitor code which is a string identifying the visitor, the experiment ID and
a potential additional element in case of respooling. Then we use our own synchrone
implementation of the hash function SHA-256 [1] to compute a hash of this identifier.
The integer obtained through hashing is then mapped to a floating number between 0
and 1 in order to assign it to an experiment variation given the experiment assignation
setup. The SHA-256 function is deterministic, hence the same user (with the same
visitor code) will always be assigned to the same variation for a given experiment unless
we explicitly ask to recompute the assignation. This is also the case if you use one of
our SDK.
We implemented our own synchronous version of the SHA-256 function to be able to
run it inside any web browser or application and to be sure to compute the assignation
as efficiently as possible. SHA-256 is uniformly distributed which is a required property
in order to distribute visitors into variation as specified in the experiment setup.
For example, if we have an experiment which assigns 30% of its experimentee to the
original, 30% to the variation and 40% do not take part in the experiment at all. Then if
a user get an assignation value from our hash function of 0.33, first he will always get the
same value for that experiment unless an explicit respool is asked. Secondly, we assign
all users with identifier hashed between 0 and 0.3 (original deviation) to the original,
those between 0.3 and 0.6 (original deviation + variation deviation) to the variation and
those between 0.6 and 1 do not take part in the experiment. So this specific user which
maps to 0.33 will see the variation.
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2

Frequentist tests

2.1

Simple A/B test

A/B test is a simple controlled experiment, in which two versions of a single variable
are compared. Version A is the currently used version (the control), while version B is
modified in some respect (treatment). Every visitor, who is targeted by a test only sees
one version. For instance, version A might be the current checkout experience on a given
website and version B - a new checkout experience with a recommendation. Conversion
(success) in this case can be defined as a click on finalising the purchase. The goal of
the test is to discover which of the versions performs better.
A visitor can either convert a goal with probability p or not with probability q = 1−p,
so conversions and converted visitors can be represented by Bernoulli distribution with
parameters p and q. Let ni be the number of visitors allocated to a version i, ci be
the number of visitors who converted a goal and were allocated to version i. As a sum
of independent Bernoulli trials, cA and cB follow binomial distributions B(nA , pA ) and
B(nB , pB ). The conversion rate xi for a version i can be defined as:
xi =

ci
ni

(2.1.1)

xA is a current observed conversion rate for the control, xB - current observed conversion rate for the alternative. The null hypothesis is that there’s no difference between
the conversion rates of two versions. The alternative hypothesis is that the conversion
rate of version B is higher than that of version A.
• H0 : xB ≤ xA
• HA : xB > xA
The test statistic T is the difference between two conversion rates xA and xB . In
classical hypothesis testing, before the test we also select a probability threshold α, below
which the null hypothesis will be rejected. By convention, α is commonly set to 1%,
this means that one time out of a hundred there’s a risk of concluding that a difference
exists when there’s no actual difference between the conversion rates.
In the most of our applications, the sample size is large: common rule of thumb is to
check whether the sample size is bigger than 30. The observations are independent by
design. This is why according to the central limit theorem, the distribution of T under
H0 can be approximated by a normal distribution. The appropriate location test is called
a Z-test. To perform this test, we first calculate the population standard deviation σ.
s
xA (1 − xA ) xB (1 − xB )
σ=
+
(2.1.2)
nA
nB
Since the sample size is large, we can perform a plug-in test by using the population standard deviation σ, instead of a sample standard deviation, to calculate the
standardised statistic Z [2].
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xB − xA
(2.1.3)
σ
To decide whether to reject the null hypothesis in favour of the alternative, we
calculate the p-value. p-value is the probability of obtaining test results at least as
extreme as the results actually observed, under the assumption that the null hypothesis
is correct. A very small p-value means that such an extreme observed outcome would
be very unlikely under the null hypothesis. It is calculated as
Z=

1
Z
p = Φ(Z) = (1 + erf ( √ ))
2
2

(2.1.4)

where Φ is the standard normal cumulative distribution function and erf is the error
function, an entire function defined by
Z z
2
2
e−t dt
(2.1.5)
erf(z) = √
π 0
The null hypothesis is rejected if the p-value is less than the chosen threshold α.
However, us not being the final decision maker, we prefer to show reliability instead of
the p-value and leave the client to decide whether the result of the test is sufficient to
conclude that there’s a significant difference between the versions.
reliability = 1 − p

2.2

(2.1.6)

A/B/C/n test

The procedure described in the previous section can be extended to test multiple versions
at the same time. For example, we could test four versions of a page and do an A/B/C/D
test, where A is the original version of a page and B, C, D are versions of the same page
each modified in its own respect. The purpose of such a test would be to discover which
of the modifications (B, C, D) will result in better performance compared to the original
A.
To perform this test, we will repeat the procedure described in the previous section
for the following three pairs of versions: A/B, A/C and A/D. Each such pair is treated
as a separate test: for each such pair we formulate a set of hypotheses H0 and HA .
For i ∈ {B, C, D}:
• H0 : xi ≤ xA
• HA : xi > xA
We will calculate the population standard deviation σi , the standardised statistic Zi ,
the corresponding p-value and the reliability.
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s

xA (1 − xA ) xi (1 − xi )
+
nA
ni
xi − xA
Zi =
σ
Zi
1
pi = Φ(Zi ) = (1 + erf ( √ ))
2
2
reliabilityi = 1 − pi
σi =

(2.2.1)
(2.2.2)
(2.2.3)
(2.2.4)

Reliabilityi is shown next a conversion rate xi of every version i, i ∈ {B, C, D}. This
procedure can be extended to any number of versions, not only four.

2.3

Confidence interval

The test can answer the question whether version B performs better than A, but it
doesn’t quantify how much better it performs or the level of uncertainty associated. To
quantify the performance of version B compared to version A, we introduce improvement rate [3]:
xB
−1
(2.3.1)
IR =
xA
To present the uncertainty associated with this parameter, confidence intervals are
shown. Confidence interval gives a range of values for improvement rate and has an
associated confidence level that gives the probability with which the estimated interval
will contain the true value of the parameter. The confidence level represents the theoretical long-run proportion of confidence intervals that contain the true value of the
improvement rate. By convention, we use a confidence level of 95%, which means that
95% of confidence intervals computed at this level contain the parameter.
The confidence interval is given by
r
r
1
1
1
1
1
1
1
1
[IR − z1− α2
+d −
− , IR + z1− α2
+
− ]
−
(2.3.2)
cA
c0 nA n0
cA c0 nA n0
where z1−α/2 is the (1 − α/2)-th quantile of a standard normal distribution. For the
chosen confidence level C = 100(1 − α)% = 95%, z1− α2 ≈ 1.96.
Confidence interval is calculated for every pair i of (versionA , versioni ), i ∈ {B, C...}
to show the uncertainty around improvement rate of every modified version with respect
to the original version.

2.4

Visit-based tests

The A/B tests discussed so far were performed on a visitor level. For those tests, the
two assumptions were satisfied by design:
• the observations are independent
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• the samples are big enough (ni  30)
Thus, the distribution of the test statistic T = xA − xB under the null hypothesis is a
normal distribution according to the central limit theorem.
Visit-based tests violate the assumption of observations independence, since the same
visitor can return many times. To ensure that we can still use the same design for visitbased tests, we compared the empirical CDF to the CDF of the normal distribution
and performed a Kolmogorov-Smirnov test. This non-parametric test (of equality of two
continuous one-dimensional probability distributions) is used to compare a sample with
a reference probability distribution. Our simulations showed that the empirical CDF
can be approximated by a normal distribution, thus z-test is appropriate to use.

2.5

All conversions tests

In the case of all conversions test, each visit vi is no longer a Bernoulli random variable,
rather it is a Multinoulli random variable with K outcomes, where K is the maximum
number of conversions per visit in the dataset, that is why a different procedure is to be
implemented for this type of tests. A Multinoulli random variable takes a value 1 if visit
has converted k times and 0 otherwise, the Multinoulli random vector xi has a length K
and zeroes in all positions except for the k-th. Each variation Vj of this test is a sum of
Multinoulli random variables, thus it follows a multinomial distribution. Variation can
be represented by a vector where for every position k, the vector contains the number
of visits converted exactly k times.
The test used to compare two multinomial distributions is a Pearson’s Chi-Squared
test. [4] To perform the test, each variation Vj ∈ {VA , VB } is to be reshaped into a
vector vj = (vj0 , ..., vjK ), where vj0 is the number of non-converted visits, vj1 - number
of visits converted exactly 1 time, ..., vjK - number of visits converted exactly K times.
We’ll call vectors vj vectors of frequencies.
To be able to conduct the test, zero values must be treated in the VA . For every
i ∈ {0, ..., K}, if viA = 0, it must be summed with the next element until it’s not zero.
If there’s a zero at the K-th position, it is to be summed with the value on the K-1-th
position. The corresponding elements of VB vector should be summed too. Vectors of
frequencies vj -s all have the same dimensionality after this operation.
The test statistic χ2 can be computed the following way:
K
X
(viB − viA )2
χ =
viA
2

(2.5.1)

i=1

The parameter of a χ2 distribution is called the degrees of freedom df :
df = dimv − 1

(2.5.2)

where dimv is the dimensionality of a vector of frequencies for any variation.
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To obtain the p-value, we calculate the critical value for Chi-squared distribution
with df degrees of freedom for the test statistic. The reliability is
reliability = 1 − p

2.6

(2.5.3)

Minimal test duration to obtain significant result

• α (type I error): probability of rejecting a true null hypothesis
• β (type II error): probability of not rejecting a false null hypothesis
• 1-α: desired reliability
• x0 : current conversion rate
• IR: desired improvement rate
• v: number of versions in the test minus one
• ki : ratio between traffic allocated to A and traffic allocated to the i-th version
• ndaily : average number of daily visitors
For each pair i = 1...v of (versionA , versioni ), versioni ∈{versionB , versionC , ...} the
following procedure is repeated: Since the conversion rate for a version is unknown
before the test, it can be estimated using the desired improvement rate:
xi = xA (1 + IR)

(2.6.1)

The sample size for version A (nA ) and for the version i (ni ) then can be approximated
by [5]:
nA = ki ni
(2.6.2)

ni =

(zα/2 + zβ )2
[xA (1 − xA )/k + xi (1 − xi )]
(xi − xA )2

(2.6.3)

where zα/2 is the (1 − α/2)-th lower quantile of a standard normal distribution, zβ
is the (1 − β) lower quantile of a standard normal distribution.
Required test duration in days for the pair (versionA , versioni ) is
di = d

n0 + ni
e
ndaily

(2.6.4)

where de denotes the ceiling operator. This operator maps x to the least integer greater
than or equal to x, ceil(x)=dxe.
The maximum of all di -s is the duration (in days) of the test.
d = max{d1 , ..., dv }
Copyright © 2021 All rights reserved. Duplication for purposes of any kind is strictly forbidden.
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During the test, the conversion rates xi for every version i are known, so the estimation (1.6.1) should be omitted and observed xi -s should be plugged directly into equation
(1.6.3). We repeat the procedure described above to obtain d. The number of days left
to achieve a significant result is
dleft = d − dpassed
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3

Bayesian A/B Testing

3.1

Bayes probability

In the A/B testing framework, the goal of the Bayesian formulation is to calculate the
probability that the version A is different from the version B. By convention, if the
probability exceeds 95%, we can conclude that the result is statistically significant. This
is a necessary but not sufficient condition, the second condition will be described in the
next subsection.
• sA : number of visitors who converted a goal in the version A
• sB : number of visitors who converted a goal in the version B
• fA : number of visitors who didn’t convert in the version A
• fB : number of visitors who didn’t convert in the version B
The conversion rate is defined as:
sA
sA + fA
sB
xB =
sB + fB
xA =

(3.1.1)

The biggest distinction between the frequentist approach and the Bayesian one is
the concept of prior probability distribution. Prior is the probability distribution that
would express one’s beliefs about the parameter (the conversion rate in our case) before
new evidence is taken into account. We’ll model the conversion rate distribution using
Beta family of distributions as they provide a family of conjugate prior probability
distributions for binomial (hence Bernoulli) distributions.
xA ∼ B(sA + 1, fA + 1)
xB ∼ B(sA + 1, fB + 1)
Using the probability density function of the beta distribution and the Bayes’ theorem, we can get the total probability that xB is greater than xA by integrating
the joint distribution over all values for which xB > xA [6]. Let’s denote this posterior
probability as H(sA , fA , sB , fB ).
Z

1Z 1

H(sA , fA , sB , fB ) = P r(xB > xA ) =
0

xA

xsAA (1 − xA )fA xsBB (1 − xB )fB
dxB dxA
B(sA , fA )
B(sB , fB )
(3.1.2)

Or equivalently:
P r(xB > xA ) =

sX
A −1
i=0

B(sA + i, fA + fB )
(fB + i)B(1 + i, fB )B(sA , fA )

Copyright © 2021 All rights reserved. Duplication for purposes of any kind is strictly forbidden.

(3.1.3)

10 / 15

3.2

Bayesian decision rule

In addition we need to calculate the Bayesian cost function in order to conclude that a
result is statistically significant and the test can be stopped. First we’ll set a threshold
ε. If the probability of conversion rate of A being better than that of B is less than ε,
we would be indifferent between choosing either of the versions. The cost function is
used to estimate whether the expected losses made by choosing A (over B) are below
the threshold ε. This cost function comes from the estimation of the Bayes probability,
and we are looking for a decision which will minimise this cost function [7]. It can be
expressed as follows:
Z

1Z 1

(y − x)
0

y

xsA (1 − x)fA y sA (1 − y)fB
dxdy ≤ ε
B(sA , fA )B(sA , fB )

(3.2.1)

The cost function can be simplified as:
B(sA + 1, fB )
B(sA + 1, fA )
H(sA + 1, fA , sB , fB ) −
H(sA , fA , sB + 1, fB ) ≤ ε (3.2.2)
B(sA , fA )
B(sA , fB )
ε is similar to the concept of probability threshold α, discussed in section 1. While
performing A/B tests, to conclude that the difference between the conversion rates is
significant, the p-value has to be less than α. Similarly, in the case of the Bayesian
decision rule, the test can be stopped when the expected loss is less than ε. As with
threshold α, ε = 0.01 by convention.

3.3

Forecasting conversion rate

In contrast to frequentist approach, Bayesian allows to peek at the data during a test, this
is why for the Bayesian tests we also show forecasts for conversion rate and improvement
rate. This allows the client to anticipate when to stop their test.
We use exponential smoothing to forecast future conversion rate. This technique
commonly used for short term predictions uses the exponential window function. [8] At
time t, given the observed conversion rates xA , xB and a smoothing factor α, we compute
the forecast conversion rates x̂A,t , x̂B,t . Forecast improvement rate is not smoothed since
it can be calculated from forecast x̂A,t and x̂B,t .
At t = 1:
x̂A,1 = xA,0
x̂B,1 = xB,0
ˆ B,1 = x̂B,1 − 1
IR
x̂A,1

(3.3.1)

At t > 1:
x̂A,t = αxA,t−1 + (1 − α)x̂A,t−1
x̂B,t = αxB,t−1 + (1 − α)x̂B,t−1
ˆ B,t = x̂B,t − 1
IR
x̂A,t
Copyright © 2021 All rights reserved. Duplication for purposes of any kind is strictly forbidden.
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Large values of α reduce the level of smoothing and give greater weight to recent
changes in the data, values closer to zero have a greater smoothing effect and are less
responsive to recent changes. We use an α = 0.4, meaning that in forecasting more
weight is given to more recent observations.
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4

Multi-armed Bandits

The multi-armed bandit (MAB in short) is an alternative to the traditional A/B testing
approach, it uses adaptive learning to choose the best version among many options. The
name comes from imagining a gambler at a row of a slot machines (known as ”onearmed” bandits), who wants to maximise his winnings. Every machine gives a random
reward drawn from a this machine’s probability distribution. There are two phases in the
game: exploration and exploitation, since the gambler has to choose the right machines
to play (exploration phase) and then concentrate on them (exploitation phase). He
has to decide which machines to play, how many times top play each machine, in which
order, and whether to continue with the current machine or try a new one.
• n - number of versions, not including A
• pi,t - proportion of traffic to be allocated to a version i at time t, i ∈ {B/C/n}
• pA,t - proportion of traffic to be allocated to A at time t
The A/B/C/n test is launched with the original version A and n versions. The traffic
is split equally among all the variations. Once the test is launched, every 8 hours we
check if there are more than 100 visits and 20 conversions on the winning variation. The
allocation doesn’t change in the case of low traffic.
To define the new allocation at moment t, we first perform an A/B/C/n test described
in the first section. We obtain the standardised statistic Zi for every pair (versionA ,
versioni ), i ∈ {B/C/n} and find the winning version. Let ε be a parameter that dictates
the fraction of traffic to be allocated to a loosing version. We use an epsilon-decreasing
strategy, which means that the MAB prioritises exploration at the beginning of the test
and exploitation at the end. εt is dependent on the Z of the winning version:
εt = min{0.1 + e−1.3|Zwinning | , 1}

(4.0.1)

|Zwinning | is likely to increase with time as more data is gathered, as it increases, the εt
decreases and less traffic is allocated to a loosing version.
For the loosing version, the proportion of traffic can be calculated the following way:
1 − pA,t
(4.0.2)
n
For A and any other version i (except for the loosing one), if version A is winning:
ploosing,t = εt

pi,t = εt pi,t−1
pA,t = pA,t−1 + (1 − εt )(1 − pA,t )
Otherwise:

1 − pA,t
n
= pA,t−1

pi,t = εt pi,t−1 + (1 − εt )
pA,t
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At t = 0, ε0 = 1, which leads to highly explorative choices at the beginning of the
test. The more the reliability of the winning version increases, the more the value of ε
decreases, resulting in highly exploitative behaviour at the end of the test.
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